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We want ⟦.⟧ such that

Γ ⊢x t : A implies Γ’ ⊢w t’ : A’
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we need to relate two translations of the same object (at possibly two different types)
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provable in ITT 
with UIP + Funext
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Conservativity

If ⊢w A : Type and ⊢x t : A 
then there exists ⊢w t’ : A ∈ ⟦ ⊢x t : A ⟧

Proof using the choice of type lemma
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annotations were useful for the proof, now we can drop them!
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Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b

B₁’ := λx.B₁ B₂’ := λx.B₂pB’ := λx.pB

we can now use J on abstracting the rest



Γ ⊢w ?e : u₁ v₁ B₁’ v₁=B₂’ v₂ u₂ v₂

Γ ⊢w pB’ : Π (x : Pack A A). B₁’ x.1 = B₂’ x.2.1

Congruence and binders

Γ ⊢w pu : u₁ Π(x:A).B₁’ x=Π(x:A).B₂’ x u₂ Γ ⊢w pv : v₁ A=A v₂

Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b



Γ ⊢w ?e : u₁ v₁ B₁’ v₁=B₂’ v₂ u₂ v₂

Γ ⊢w pB’ : Π (x : Pack A A). B₁’ x.1 = B₂’ x.2.1

Congruence and binders

Γ ⊢w pu : u₁ Π(x:A).B₁’ x=Π(x:A).B₂’ x u₂ Γ ⊢w pv : v₁ A=A v₂

Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b

from this and computation equalities for sums we prove Π (x : A). B₁’ x = B₂’ x



Γ ⊢w ?e : u₁ v₁ B₁’ v₁=B₂’ v₂ u₂ v₂

Γ ⊢w pB’ : Π (x : Pack A A). B₁’ x.1 = B₂’ x.2.1

Congruence and binders

Γ ⊢w pu : u₁ Π(x:A).B₁’ x=Π(x:A).B₂’ x u₂ Γ ⊢w pv : v₁ A=A v₂

Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b

from this and computation equalities for sums, and funext we prove B₁’ = B₂’ 



Γ ⊢w ?e : u₁ v₁ B v₁=B v₂ u₂ v₂

Congruence and binders

Γ ⊢w pu : u₁ Π(x:A).B=Π(x:A).B u₂ Γ ⊢w pv : v₁ A=A v₂

Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b



Γ ⊢w ?e : u₁ v₁ B v₁=B v₂ u₂ v₂

Congruence and binders

Γ ⊢w pu : u₁ Π(x:A).B=Π(x:A).B u₂ Γ ⊢w pv : v₁ A=A v₂

Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b

these we just deal with UIP



Γ ⊢w ?e : u₁ v₁ B v₁=B v₂ u₂ v₂

Congruence and binders

Γ ⊢w pu : u₁ = u₂ Γ ⊢w pv : v₁ = v₂

Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b



Γ ⊢w ?e : u v₁ B v₁=B v₂ u v₂

Congruence and binders

Γ ⊢w pv : v₁ = v₂

Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b



Γ ⊢w ?e : u v B v=B v u v

Congruence and binders

Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b



Congruence and binders

Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b

Γ ⊢w refl : B v = B v

Γ ⊢w ?p : transp(refl, u v) = u v



Congruence and binders

Pack A₁ A₂ := Σ (x₁ : A₁) (x₂ : A₂). x₁ A₁=A₂ x₂

a A=B b := Σ (e : A = B). transp(e,a) = b

Γ ⊢w refl : B v = B v

Γ ⊢w transp_comp : transp(refl, u v) = u v



HEq-WTTETT

ITT + Reflection=
heterogenous equality 

with congruence proofs

propositional  
computation rules

WTT

UIP

propositional  
computation rules

binder extensionality



HEq-WTTETT

ITT + Reflection=
heterogenous equality 

with congruence proofs

propositional  
computation rules

WTT

UIP

propositional  
computation rules

binder extensionality

Probably have all the tools (sound and complete checker) 
but still very tedious to formalise!



Perspectives

Proof certificates Local computation

de Bruijn: A Plea for Weaker Frameworks Example: parallel plus

gets translated to

λx. x + 0 ≡ λx. x

λx. x + 0 = λx. x
using funext

Problem: proof terms are too big 
which brings us back to WTT design



HEq-WTTETT

ITT + Reflection=
heterogenous equality 

with congruence proofs

propositional  
computation rules

WTT

UIP

propositional  
computation rules

binder extensionality

/TheoWinterhalter/ett-to-wtt

Also extended to 2 level type theories!


