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ldea of the translation

We want such that

[ —x £ ¢ A implies > e 2 0 A

[ x U

for 72> € [], A’ € [A], ..

conversion rule again:

[ - € : A [ « A B

[ —x €t : B

v : A implies [ Fw p ¢ U’ =p Vv’

we need to relate two translations of the same object (at possibly two di

ferent types)
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provable in ITT
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Function type lemma*

GivenT"'" Hy 2 ¢ CP €[] I t : A> B ],
there exists ' +~, t’° : A’ > B> €E[ I t : A > B ]

* actually applies to any type former

Proof
: : : L tC t'
A>BcLCC’ is obtained from a certain number of applications of
t C transp(p,t’)
ALCA’ B C B’
followed by we thushave A’ 5> B> A > BcrC C’
A>BrLCA > B’
by the fundamental lemma, they are heterogeneously equal, and by heq_to_eqtheyareequal: e : C’ = A> 5 B’

SO ' ~w transp(e,t’) : A2 > B> € [ T —x t : A > B ]




Two useful lemmas

Function type lemma*

GivenTl!' 5 2 : CP €[ I kx t ¢ A> B ],
thereexistsI'' 5 t’? : A 5 B” €E [ T +x t : A > B ]

* actually applies to any type former

Choice of type lemma

GivenT" +Hy €2 ¢ A2 €E] T — t ¢ A ],
and N +y A’ ¢ Type € [ T +x A : Type ],
thereexists ' +—y £’2 ¢ A’ € [ T £t : A ]
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Proof sketch of the main theorem

Conversion rule

[ —x € ¢ A [ x A B

Illl> [ —w P . A’ —Type B’

[ Fx t : B ACA’, BEB

from the choice of type lemma and the otherH:  ['" , t2 : A € [ T —x t : A ]

soo 'y transp(p,t’) : B> € [ T +x t : B ]

Other typing rules similar, for application rule we also use the function type lemma
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Proof sketch of the main theorem

B-reduction rule

[, X ¢+ A T ¢ B [ = u : A

M b (A (x 2 A). B. t) @mBu = t{ x :=u} : B{ x := u}

' v u’? ¢ A2 €[ T FHxu @ A ]

M, x +: A2 -y t2 : B> €[ I, x ¢ Ayt : B ]

>~ B €2 u”> ¢ (AN (x ¢ A’). B’. t7) @x:A).B” y’> = £2{ x = u’ }

we conclude using eq_to_heq



Consequences of the translation

Conservativity

If-w A : Typeandtx t : A
then there exists y £t : A € [  t : A ]




Consequences of the translation

Conservativity

If-w A : Typeandtx t : A
then there exists y £t : A € [  t : A ]

Proof using the choice of type lemma



Consequences of the translation

Conservativity

If-w A : Typeandtx t : A
then there exists y £t : A € [  t : A ]

Proof using the choice of type lemma

Relative consistency

It £t ¢ L
then there exists -, t’ : 1



Consequences of the translation

Conservativity

fw A ¢ Typeandkx t : A
then there exists y £t : A € [  t : A ]

Proof using the choice of type lemma

Relative consistency

It £t ¢ L
then there exists -, t’ : 1

Proof using conservativity
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[ Fw pu

Congruence and binders

r |_W pA : Al — A2

Pack A; A, +w pB

B,[X := Proj,; x] = B,[X
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Congruence and binders

[ Fw

[, x : Pack A; A, v pB

[ Fw PU ¢ Ui n(x:A;).B,=N(x:A,

DA
B, [X

) - B

Ay

:A2

Proj; x]

= B, [X

[ w pV

:= Proj, x|

Vl A1:A2 V2

[ —w cong_app B; B, pu pA pB pv : u; @*x:A).Bi v, B [x :

Pack A, A, := % (X,

Proj, p := p.1 Proj, p



Congruence and binders

r |_W pA : Al — A2
[, x : Pack A; A, v pB ¢ B;[x := x.1] = B,[x := x.2.1]
[ Fw PpU I U3 n(x:A,).B,TN(x:A,).B, Us [ Fw PV I Vi A TA, Vo

I —w COng—app B1 BZ pu pA pB pV . U; @(X:A1)°Bl Vi1 Bi[x := v;]7B,[x :

Pack Ay Ay 1= X (X1 ¢ Ay) (Xo @ Ay). X1 A=A,

Proj, p := p.l1 Proj, p := p.2.1 Proje p



Congruence and binders

r |_W pA : Al — A2
[, x : Pack A; A, v pB ¢ B;[x := x.1] = B,[x := x.2.1]
[ Fw PpU I U3 n(x:A,).B,TN(x:A,).B, Us [ Fw PV I Vi A TA, Vo

I —w COng—app B1 BZ pu pA pB pV . U; @(X:A1)°Bl Vi1 Bi[x := v;]7B,[x :

Pack Ay Ay 1= X (X1 ¢ Ay) (Xo @ Ay). X1 A=A,

aas b :=3% (e : A=B). transp(e,a) = b



Congruence and binders

we want to use J on [ Fw PA : A;

[, X

[ Fw pu

Pack Ay A, Hyw pB : B;[X

U;: n(x:A,).B,—N(x:A,).B, U,

As

abstracting the rest

1] = B,[x := x.2.1]

[ Fw PV ¢ Vi A=A, V5

[ ~w cong_app B; B, pu pA pB pv : u; @(x:A.).B

Pack A; A, := X (x, : A;) (x,

aA:Bb::Z(e:A:B).

A,). X, A=A, X

transp(e,a) = b



Congruence and binders

we want to use J on [ Fw PA : A;

[, X

[ Fw pu

Pack Ay A, Hyw pB : B;[X

U;: n(x:A,).B,—N(x:A,).B, U,

As

abstracting the rest

1] = B,[x := x.2.1]

[ Fw PV ¢ Vi A=A, V5

[ ~w cong_app B; B, pu pA pB pv : u; @(x:A.).B

Pack A; A, := X (x, : A;) (x,

aA:Bb::Z(e:A:B).

B,’ := Ax.B, B,

A,). X, A=A, X

transp(e,a) = b

J

AX.B,



Congruence and binders

r |_W pA : Al — A2

usingBandeq_trans [, x : Pack A; A, v« pB ¢ B;’ x.1 = B,’ x.2.1

[ Fw PU ¢ Ui n(x:A,).B,=N(x:A,).B, U> [ Fw PV I Vi A,ZA, V)

I —w Cong—app B1 BZ pu pA pB pV . U; @(X:A1)°Bl Vi1 Bi[x := v;]7B,[x :

PaCk Al A2 . — Z (Xl . Al) (X2 . Az). Xl A1:A2
aas b :=3% (e : A=B). transp(e,a) = b

B, := Ax.B; B,” := Ax.B,



Congruence and binders

M +w PA : A, = A,
M +—w pB? : N (x : Pack A; A,). B,’ x.1 = B,’ x.2.1

[ Fw PU ¢ Ui n(x:A,).B,=N(x:A,).B, U> [ Fw PV I Vi A,ZA, V)

[ w cong_app By B, pu pA pB pv @ u; @A0D-Bi vy g [x 1= v,17B,0x = v,] Uy @XFA2)-Ba v,

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,
aas b :=3% (e : A=B). transp(e,a) = b

pB’ := Ax.pB B,’ := Ax.B; B,’ := Ax.B,



Congruence and binders

M Fw PA : A, = A,
M +—w pB? : N (x : Pack A; A,). By’ x.1 = B,’ x.2.1

[ Fw PU ¢ U; n(x:A;).B,=n(x:A.).B, U> [ Fw PV ¢ Vi A=A, V5

[ w cong_app By B, pu pA pB pv @ u; @XA0D-Bi vy g [x 1= v,17B,0x = v,] Uy @XFA2)-Ba vy

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,
aas b :=3% (e : A=B). transp(e,a) = b

pB’ := Ax.pB B,’ := Ax.B; B,’ := Ax.B,



Congruence and binders

M Fw PA : A, = A,
M +—w pB? : N (x : Pack A; A,). By’ x.1 = B,’ x.2.1

[ Fw PU ¢ U; n(x:A;).B,=n(x:A.).B, U> [ Fw PV ¢ Vi A=A, V5

[ w cong_app By B, pu pA pB v @ u; @XA0D-Bi vy g [x 1= v,17B,0x = v,] Uy @(XFA2)-Ba vy

to abstract over B, ’ and B, ’ we need extensionality of I1!

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,
aas b :=3% (e : A=B). transp(e,a) = b

pB’ := Ax.pB B,’ := Ax.B; B,’ := Ax.B,



Congruence and binders

M +w PA : A, = A,
M +—w pB? : N (x : Pack A; A,). B,’ x.1 = B,’ x.2.1

[ Fw PU ¢ U; n(x:A;).B,’ x=N(x:A,).B,’ x U» [ Fw PV ¢ Vi A=A, V5

[ w cong_app By B, pu pA pB pv @ u; @A0D-Bi vy g [x 1= v,17B,0x = v,] Uy @XFA2)-Ba v,

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,
aas b :=3% (e : A=B). transp(e,a) = b

pB’ := Ax.pB B,’ := Ax.B; B,’ := Ax.B,



Congruence and binders

M +w PA : A, = A,
M +—w pB? : N (x : Pack A; A,). B,’ x.1 = B,’ x.2.1

[ Fw PU ¢ U; n(x:A;).B,’ x=N(x:A,).B,’ x U» [ Fw PV ¢ Vi A=A, V5

[ w cong_app By B, pu pA pB pv : u; @XA0D-Br v, Bk = V1B, IX 1= v,] U, @XA-Ba v,

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,
aas b :=3% (e : A=B). transp(e,a) = b

pB’ := Ax.pB B,’ := Ax.B; B,’ := Ax.B,



Congruence and binders

M +w PA : A, = A,
M +—w pB? : N (x : Pack A; A,). B,’ x.1 = B,’ x.2.1

[ Fw PU ¢ U; n(x:A;).B,’ x=N(x:A,).B,’ x U» [ Fw PV ¢ Vi A=A, V5

[ +w cong_app By B, pu pA pB pv : u; @XAD-Bi v, B[x = V7B, X = v,] U, @XAD-Ba v,
-=>» annotations were useful for the proof, now we can drop them!

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,
aas b :=3% (e : A=B). transp(e,a) = b

pB’ := Ax.pB B,’ := Ax.B; B,’ := Ax.B,



Congruence and binders

M +w PA : A, = A,
M +—w pB? : N (x : Pack A; A,). B,’ x.1 = B,’ x.2.1

[ Fw PU ¢ U; n(x:A;).B,’ x=N(x:A,).B,’ x U» [ Fw PV ¢ Vi A=A, V5

= cong_app B, B, pu pA pB Pv ¢ U; Vi1 B,[x := v;]7B,[x := v,] Uy V>

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,
aas b :=3% (e : A=B). transp(e,a) = b

pB’ := Ax.pB B,’ := Ax.B; B,’ := Ax.B,



Congruence and binders

M +w PA : A, = A,
M +—w pB? : N (x : Pack A; A,). B,’ x.1 = B,’ x.2.1

[ Fw PU ¢ U; n(x:A;).B,’ x=N(x:A,).B,’ x U» [ Fw PV ¢ Vi A=A, V5

[ Fw cong_app By B, pu pA pB pv ! uU; Vi B’ v,;7B,’ v, Uy V;

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,
aas b :=3% (e : A=B). transp(e,a) = b

pB’ := Ax.pB B,’ := Ax.B; B,’ := Ax.B,



Congruence and binders

M +w PA : A, = A,
M +—w pB? : N (x : Pack A; A,). B,’ x.1 = B,’ x.2.1

[ Fw PU ¢ U; n(x:A;).B,’ x=N(x:A,).B,’ x U» [ Fw PV ¢ Vi A=A, V5

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,
aas b :=3% (e : A=B). transp(e,a) = b

pB’ := Ax.pB B,’ := Ax.B; B,’ := Ax.B,



Congruence and binders

M w PA @ A, = A,
[ +w pB? : M (x : Pack A; A,). B;’ x.1 = B,’” x.2.1

[ Fw PU ¢ U5 n(x:A,).B,’ x=N(x:A,).B,’ x U> [ Fw PV ¢ Vi A=A, V5

q
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Congruence and binders

we can now use J on [ w PA : A, = A, abstracting the rest
[ +w pB’ ¢ N (x : Pack A; A,). B;’ x.1 = B,’ x.2.1

[ Fw PU ¢ U5 n(x:A,).B,’ x=N(x:A,).B,’ x U> [ Fw PV ¢ Vi A=A, V5

q

\
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\
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\
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L
N



[ Fw pU

Congruence and binders

[~ pB?> ¢ M (x : Pack A A). B;’ x.1

Ui nN(x:A).B;’> x—N(x:A).B,’> x U»> [ Fw AY

1
vy
N
X
N
—

Pack Ay Ay 1= X (X1 ¢ Ay) (Xo @ Ay). X1 A=A,

aas b :=3% (e : A=B). transp(e,a) = b



Congruence and binders

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,

aas b :=3% (e : A=B). transp(e,a) = b



Congruence and binders

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,

aas b :=3% (e : A=B). transp(e,a) = b



Congruence and binders

[ Hw PU ¢ U3 n(x:A).B=n(x:A).B U> [ Fw PV ¢ V3 A=A V,

r I_W ?e . Ul Vl BV1:B Vo, U2 V2

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,

aas b :=3% (e : A=B). transp(e,a) = b



Congruence and binders

/these we just deal with UIP\

[ Fw PU ¢ U3 n(x:A).B=n(x:A).B U> [ Fw PV ¢ V3 A=A Vs

r I_W ?e . Ul Vl BV1:B Vo, U2 V2

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,

aas b :=3% (e : A=B). transp(e,a) = b



Congruence and binders

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,

aas b :=3% (e : A=B). transp(e,a) = b



Congruence and binders

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,

aas b :=3% (e : A=B). transp(e,a) = b



Congruence and binders

rl_w?e:UVBV:BVuV

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,

aas b :=3% (e : A=B). transp(e,a) = b



Congruence and binders

[ +y refl ¢+ B v = B v

[ —w ?p : transp(refl, uv) = u v

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,

aas b :=3% (e : A=B). transp(e,a) = b



Congruence and binders

[ +y refl ¢+ B v = B v

[ +w transp_comp : transp(refl, u v) = u v

Pack Ay A, = ¥ (X7 ¢+ A7) (X5 ¢ Ay). X1 A=A, X,

aas b :=3% (e : A=B). transp(e,a) = b



ETT

= |TT Q Reflection




Probably have all the tools (sound and complete checker)
but still very tedious to formalise!

M HEQ-WTT WTT
) propositional R S propositional

heterogenous equality UIP
with congruence proofs binder extensionality

ETT

computation rules computation rules

= |ITT Reflection



Perspectives




Also extended to 2 level type theories!

ETT HEqQ-WTT WITT

propos!tlonal cannns propos!tlonal
computation rules computation rules

—

= |TT Reflection .
heterogenous equality UIP

with congruence proofs binder extensionality

Q /TheoWinterhalter/ett-to-wtt



